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Aristotle on Geometrical Objects
by Ian Mueller (Chicago)

From the perspective of ontology or of epistemology the q\leS’tl‘m
may be asked: ‘What is the nature of mathematical objects? To
ask the question ontologically amounts to asking for the el
subjects, the things in the world, with which mathematics deals.
Epistemologically the question is more likely to be directed %t,
mathematical reasoning: ‘What is mathematical reasoning'about'

Plato seems to have given the same answer to the question from
both perspectives. It is even possible that his answer to the °“F°ky
gical question was inferred from his epistemological analysis o
mathematics in some way like the following: Mathematicians reasot
as if they were dealing with objects that are different from
sensible things, perfectly fulfill given conditions, and are 2
prehensible by pure thought; mathematics is correct; therefore,
there are such objects. Argument of this kind is also characterist®
of the modern mathematical Platonist. For example, K. &
writes: “It seems to me that the assumption of such Op]ects
[classes and concepts] is quite as legitimate as the assumption ¢
physical bodies, and there is quite as much reason to believe I
their existence. They are in the same sense necessary to obtaln &
satisfactory system of mathematics as physical bodies are n?cessal'g
for a satisfactory theory of our sense perceptions . . ** Axcient 20
modern mathematical Platonism rests its case largely on Being ?
direct inference from the nature of mathematical reasoning.

Ot!ﬂer philosophers, however, begin their inquiries cither %
fienymg or being skeptical about the entities postulated by Platon-
ists. The intuitionist in A. Heyting’s “Disputation” is made to s

We have no objection against a mathematician privately &
mitting any metaphysical theory he likes, but Brouwer’s progra®
entails that we study mathematics as something simpler, mor
immediate than metaphysics?,” A consequence of this memphyslcal

1 A e 3
atzK.'cS'ogzect’ ::“;se 1's Mathematical Logic,” reprinted in Philosophy of Math®
3 eadings, ed. P. Be lew ’
N. 1, 1964 p. 920, nacerraf and H. Putnam (EDg

' - a . 3 '
A I:Ieytm'g, Intuitionism: An Introduction, 2nd ed. (Amsterdam, 1366). P g
reprinted in Philosophy of Mathematics, p- b6.
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or ontological skepticism is the intuitionist’s denial of the reality
of mathematical objects; they are “mental constructions”.

Aristotle begins his philosophizing about mathematics with an
ontology that excludes mathematical objects of the kind envisaged
by Plato. For Aristotle the paradigms of real things are sensible
substances like animals, plants, and the heavenly bodies. (I ignore
the prime mover [or movers] on the ground that in the philosophy
of Aristotle this is a “special case,” being both fully real and
completely abstract.) On the other hand, Aristotle does accept
Plato’s mathematical epistemology: mathematicians treat objects
which are different from all sensible things, perfectly fulfill given
conditions, and are apprehensible by pure thought. To resolve the
discrepancy between his mathematical epistemology and his
ontology, Aristotle is not willing to construe mathematical objects
& merely mental constructions dependent on human thought for
their existence., Aristotle, of course, does place emphasis on the role
of human thinking in mathematics but he also accepts the Platonic
@sumption that there must be a significant correlation between
the apparent objects of mathematical reasoning and the real
World—the assumption, as Zeller puts it, “that the truth of !mow-
le(.ige keeps pace with the actuality of its object3.” But for Aristotle

AsSumption precludes the merely mental existence of mathe-
Matical objects. Tn this paper I shall describe the way in which
Stotle attempts to develop an account of mathematical objects
While leaving intact the beliefs just described. _
begin with a quotation from Metaphysics M.3 in which there
OCcurs what looks like a very straightforward account:

Just as the universal branches of mathematics are not
about separate things apart from magnitudes and numbers
but rather about these, although not as having m?gmtude
or being divisible; obviously there could be a:ssertxons and
Proofs about sensible magnitudes, not as sensxblf: but as of
some sort. And just as there are many assertions about
things simply as changing separate from the being (i &ori)
of all such things and their properties, but it is not thereby
necessary that there be something changing separate ﬁ;)m
sensible things nor some distinct entity in them; so a'so
there may be assertions and theories regarding changing

\
“E. Zeller, Aristorte and the Eaylier Peripatetics, tr. B. Costelloe and J. Muithead

(London, 1897), p. 339,



158 I. Mueller

. : - in only as
things, not as changing but only as bodies, or again on'y
planis, or only as lengths, or only as d_iv.ls.lble, or as mdmsgle
and having position, or only as indivisible . . . If gi'g‘é’ma‘i
happens to be of sensibles but not as sen51b}e, the ma e
ical sciences will not therefore be of ser}51b1es nor o Ztial—
things separate from these. Many properties beloqgt?S:e since
ly to things as having such and such gharactens :1: ,or o
there are properties peculiar to an animal as m fe from
female and yet there is no male or fen.lale' Sepamlines or
animals. Thus things may have properties just as
as planes . . . i

Epach thing is investigated best if someongﬁiﬁii::l
separate what is not separate, which is what t_he arl 1 indi
and the geometer do. For a man as man 15 One taltlnin and
visible; the arithmetician posited one 1nd1v151b1eh min "
then inquired whether anything belonged to t eman nor
indivisible. The geometer treats of things neither as
as indivisible but as solid4. “ble

The geometer, then, deals with sensible substances, not as;sfizes

substances, but as solids, planes, lines, and points. But Wt a2 man,
this mean? The mathematician never really reasons abOubsta.nces,
whether as solid, indivisible, or anything else. Sens1ple sul el
moreover, no matter how they are treated, do not ful'ﬁll th.etl tle 0
conditions imposed on mathematical objects. This Arllfl ° ust
serves with regard to the question, ‘“With what sprt of t r:fiih the
the mathematician be supposed to deal? Certainly n0th matical
things around us. For none of these is like what the mat go os 0t
sciences investigateS.” A bronze sphere (even as solid)

touch an iron bar (even as plane or line) in a point. dequately

Formulas like ‘sensible substances as solids’ do not eqh sics
represent Aristotle’s account of mathematical objects. M d}(;{) c}{ajm

M.3 is designed primarily to provide an alternative to the either

that there are actually existing mathematical _Ob]ects. totle’s

separate from or in sensible substances. M.3 reaffirms AriS ology
ontology and makes it seem closer to his mathematical ePISteiI:vo In
than it really is. Other passages widen the gap between the tW0.

. - an
Physics B.2 Aristotle undertakes to explain how the mathematic
differs from the physicist:

* Metaphysics, M.3.1077*17—30, 1078229, 2196,
& Ibid., X.1.1059v1

0-—12. Compare B.2.997135—99836.
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Physical bodies have Planes, solids, lengths, and points
which the mathematician investigates. .. It would be
absurd if the physicist were supposed to know what the sun
or moon is but nothing about their essential properties,
since physicists clearly do discuss the shape of the sun and
moon and whether or not the earth or the cosmos is spherical.
The mathematician too is concerned with these [properties]
but not as limits of physical bodies. Nor does he investigate
their properties as belonging to such bodies. Therefore he
Separates them; for in thought they are separable from
change, and it makes no difference; nor does separation
produce falsehood. Those who speak of ideas do the same
thing without being aware of it; they separate the objgcts
of physics, which are less separable than mathematical
objects. This would become obvious if someone tried to give
definitions of these [objects] and properties. For the even,
the odd, the straight, the curved, and also number, line, figure
would be without change ; but flesh, bone, and man would not.
These latter are defined like snub nose and not like the curved®.

In this passage the idea of separation plays a much more impor-
tant Tole than in M, etaphysics M.3. The mathematician’s separation
of solids from the bodies which have them is something like the

tonists’ separation of the forms. The solids, of course, cannot
really exist separate from physical bodies, but they are somehow
adapted to being considered separately. There seems to be a signi-
flcan‘t difference between separating mathematical objects fr_om
P h.y sical bodies and treating physical bodies as mathexx}atlcal
ObJeCt_S- I take the former to be essential to mathematics as Aristotle
conceived it, and I shall try in what follows to make clear what
Séparating amounts to. )

Aristotle refers fairly frequently to mathematical objects as
abstractiong (€ &ponptoecs, v dpanpéaret, &1’ Gpaptoeas)’, but he
oS Mot explain what these expressions mean. The Greek verb,
abstract, (&9onpeiv) means ‘take away’ in a number of senses.

shall cite four passages where Aristotle uses this verb in a way
elevant to mathematical abstractions®. In the Posterior Analytics,

: Physics, B.2.193v24 _394a7.
s gee H. Bonitz, I'ngex Aristotelicus (Berlin, 1870), 12692126 D. Philippe
veny 3 fuller account of the relevant Aristotelian vocabulary, see M. D- :

kaipgo‘;, Tpdodeais, Xeopl{ew dans Ia philosophie Aristote”’, Revue Thomaste
LVIII (1948), 461479,
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he discusses the problem of determining the_proper Sub]eCthofisi(;n;
attribute, e. ., having angles equal to two rights. The met h(; e
take away things until one finds the primary subject to wI csceles
attribute belongs. Aristotle’s example is the 'bronze 150e e
triangle with angles equal to two rights. From this the bronzh o
the isosceles must be taken away®. In Z.11 of the Meiiapmythe
Aristotle speaks of taking away in thought the bronze Otter“.
bronze circle!, disparaging the Platonists for taking away I?)atance
Earlier in Z, in discussing the question whether matter 1s 51(1il lse aviné
Aristotle speaks of taking away length, breadth, depth, an
matter??, L. )
In all of these passages, abstracting involves eliminating S;Ifiz-
thing from consideration. This is not a matter of coﬂectl{)lgﬁl;ction
ulars and somehow arriving at a general ideal?, al'thqu_gh 3;15 I the
is facilitated by seeing a number of different individu aim the
above-mentioned passage where Aristotle speaks of t ocidure
bronze away from the bronze circle he says that this OP;I once
would be hard if we never saw any non-bronze circles. 1Y that
when he speaks of abstractions does Aristotle seem to I;HI]’i;’ﬁnat_
abstracting is a positive procedure and not justa matter 0 ehe -
ing things from consideration. In the Posterior Analytics or. the
that abstractions are made known by induction. _HOW‘;Vm;the_
context makes it very likely that Aristotle is speaking © than 0
matical truths, i. e., assertions about abstractions,.rather o give
abstractions themselves. The commentators on this passag

? Posterior Analytics, A.5. 74533741,
19 Metaphysics, 2.11.1036334—b3,
1 Ibid., 103672223, . totle Uses
2 Ibid., Z.3.1029%16—19. Just prior to this passage at 1029211 j?nsth?;tierb in
wepianpelv in the relevant sense of take away. Compare the use O
Categories 733119, . iricist-
1* This notion of abstraction is the one which becomes crucial in Bnhs}; -emPII.xi-92
See, for example, J. Locke, 4n Essay Concerning Human Understfm mf‘; becom®
“The mind makes the particular ideas received from particular o?]ects n appea®
general; which is done by considering them as they are in the mind su¢ rience:
ances, separate from all other existences and the circumstances of real ;%TION,
as time, place, or any other concomitant ideas. This is called ABST tatives ©
whereby ideas taken from particular beings become general represen
all of the same kind.” ¢ that L
1 Posterior Analytics, A.18.812—5. Charles Kahn has pointed out to it of &
¥ &paiploews Aeydusva conld be rendered ““things asserted as a Test jon

stracting.”” Such a rendering would, of course, add support to the in
of the passage given above. )
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Propositions as examples of abstractions®. Aristotle’s point seems
to be that the student is led to believe mathematical axioms by
being shown that they hold in a number of particular cases.

Separating seems fo be a correlate of abstracting. Abstracting
from an object A gives rise to an object B lacking certain things
belonging to A, Considering B is separating B. In the sequel I will
fefer to mathematical objects as abstractions, although it would

more accurate to call them separations or, to use a literal
translation, “from-abstractions.” We have already seen that
Aristotle interprets mathematics as involving the separation of
What is not separate or separable. It is easy to conclude that for
Aristotle mathematical objects exist only in the mind of the
Mathematician and not independently of him. Such a conclusion
2volves failure to distinguish two kinds of separating. One kind is
mStap(:ed in Plato’s theory of forms and involves notions corres-
Ponqmg to nothing in reality. The other kind is instanced in mathe-
Matics and affords access to features of reality which are inac-
fCessxb]e in any other way®. The mathematician ignores certain
fatures of the sensible world. The result, however, is not falsifica-
tlong but knowledge, of the world. Mathematics is applicable to
feality whereas the study of forms advocated by Plato has no
#plication whatsoever, In the sequel I will argue that Aristotle
fxplams this applicability by considering mathematical objects
0 underlie physical reality.

In places where Aristotle uses the verb ‘abstract’ in the relevant
;ense, he speaks indifferently of taking away matter—e.g., bronze—
nnd taking away properties—e.g., isosceles. There is, of course,
ifothmg Wrong with speaking in these two ways, but each of them
Ob_e Mphasized gives rise to a different notion .of. ma:thematlcal
tie] ect. If algstraction is primarily thought of as eliminating proper-
logpe€, Will think of mathematical objects as physical objects
hOo ed. at as if they did not have certain properties. On the other
Me thinks of abstraction primarily as eliminating matter,

1 T o )
;}l 4 S, Analyticorum Posteviorum Paraphrasis, ed. M. Wallies (Berhél. 13‘02‘):
;a,; 32'2; Johannes Philoponus, In Aristotelis Analytica Posteriora Com

8 Coz:’ ed. M. Wallies (Berlin, 1899}, 215.16—24. - erée
1 Pare M. . p, hilippe, “Agaipeots. . ., 476—7: “[L’abstrac?zom ne doﬁ
Iy S Etreg mathématiques], ne les invente pas, au sens fort, mais elle lem" o
il 5 TOPTe mode d'étre. Elle les extrait pour ainsi dire du monde physique e

touvaient comme cachés et enveloppés; elle Ies' libére. L absﬁ:tl:l:ni?d é
?mpwt 2u monde mathématique, le rile de I'experience par rapporta
€S autreg sciences.”’

u
MM%&MSZ
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one will think of mathematical objects as properties like roundness
nd triangularity. o
: Itis, 1 gtikllllink, };air to say that the second view is more co;néng;lrily_
attributed to Aristotle than the first. Both Philoponus imm the
plicius make this attribution in interpreting the Pas'sﬁgg res and
Physics quoted above: “The mathematician deals w1‘; . Iglo e
their properties, thinking these things to be embodied ropertics,
whatsoever; rather he studies the flgures”a‘r}d thelrt Eematiciaﬂ
separating them mentally from all matter??. _Ihe maaks oy
differs from the physicist first because the physicist sp: o matter
about the properties of physical bodies but also aBO’I’IAu ‘he com-
the mathematician is not concerned with matter™. b and the
mentators, moreover, use the contrast between the §nut - tion of
curved, referred to at the end of the passage, as an illus ratician-
the difference between the natural scientist and the mﬁhe;natter n
In defining the snub, one must include reference to t 6(:1 Tined and
which it inheres—namely, a nose ; but the curved can be
understood independently of matter. . is,
The contrast lla)etween ghe properties of a thing and its m::,t::eat
of course, fundamental for Aristotle. In general he §6?§121 things
properties as universals common to a numb.er- of mch\ntudies them
If properties are universals, the mathemat_lman who s ‘hematic al
will be studying unmiversals. The doctrine that fnaaccount o
objects are properties fits, therefore, with Aqstotles e alying
demonstrative science in the Posterior Analytics. P_‘Ol”t};ic i
this account is the assumption that the basis of all scien t;ategoﬁc
ing is the so-called categorical syllogism. But the e alyzable
syllogism consists of sentences which, for Aristotle, are
into terms. And these terms stand for universals: ne apart
Therefore there do not have to be forms or some goes have
from the many if there is to be proof, but there ore 0OTE,
to be some one truly said of many. For if there W
there would be no universal?®.

} mentard:

17 Johannes Philoponus, In Aristotelis Physicorum Libros Tres Priores Com

ed. H. Vitelli (Berlin, 1887), 219.28—31. . mentaric,
18 Simplicius, In Avistotelis Physicorum Libros Quattuor Prioves Co:':d s (2) 1

H. Diels (Berlin, 1882), 200.27—29. Compare Alexander of Apbr 739.17—1%

Aristotelis Metaphysica Commentaria, ed. M. Hayduck (Berlin, 1891).

Svra yép elow, ok ds Evida BE, AN &5 &uAa xai €181
9 Posterior Analytics, A.11.7785—7.
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There are, then, good grounds for thinking Aristotle’s view to
have been that mathematical objects are universals separated in
tl}Ought from matter. However, there are also grounds for doubt.
Flf'St of all, universals do not have exactitude of the kind which
Atistotle attributes to mathematical objects. Circularity does not
touch straightness in a point or in any other way. For Aristotle,
moreover, universals are not fully real. To suppose them to be the
2b]eCfS of mathematics would be incompatible with the assumption

that the truth of knowledge keeps pace with the actuality of its
Object”. Of course, no supposition about mathematical objects
Wil completely satisfy this assumption, given Aristotle’s beliefs
abo‘_lt the ontological primacy, but mathematical inadequacy, of
Sensible substances, One would, however, expect Aristotle to make
at least some attempt to construe mathematical objects in the
manner of sensible substances, This expectation is only strength-
ened by Greek mathematics itself, which is quite different from the
Stqdy of universals. Its character is thoroughly geometric. The core
of its reasoning is what we now call spatial intuition. Consequently,
the objects in terms of which mathematical argument proceeds are
Muitively perceived or imagined spatial objects, points, lines,
Plane figures, solids. Even numbers (positive integers) are Te-
Presenteq by lines or points and thought of as collections of units
Subject tq combinatorial manipulation. Finally, if Aristotle thoqght
of Mathematica) objects as universals separated from matter, it is

fficult to gee how he could distinguish legitimate mathematical
*Paration from illegitimate separation of Platonic forms. ‘

“Ome of the difficulties involved in treating mathematical
0b]e9ts as universals are eliminated or lessened by treating them as
Rarticular Properties, like the “certain white” of the Categories™.

/b properties are perhaps more like sensible substances altl.mugh

°Y Seem t0 be no more “exact” than universals. Moreover, in the
MdaphVSiCS Aristotle himself mentions a question which would

X N0 sense if the objects of mathematics were n{attegoﬁs'?
PrOPerties: “What is the matter of mathematical objects®
“lsewhere he says explicitly that mathematical objects have
f} telligible matter® And once he describes the process of abstrac-
°% as the elimination of sensible properties:

2
n s Se80ries, 9 1agq.
FPhysics, K.1.1059014 16,

Mes,
2 .

Tbiq,, 2.10.103629—12, Z.11.103732—5.
e
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The mathematician theorizes about abstractions, for he
theorizes having removed all sensibles such as weight and
lightness, hardness and its opposite, heat and cold, a{ld 'fhe
other sensible opposites. He leaves only the quantitative
and continuous in one, two, or three [dimensions] and the
properties of these as quantitative and continuous®.

If the passage from Metaphysics M.3, quoted at the beginning of
this paper, is interpreted in the light of the above, more sense cad
be made of it. To say that the mathematician studies a man &
solid is not to say that he studies a man at all. Rather, it is to say
that he studies what is quantitative and continuous in three
dimensions. And the mathematician comes to \mdersta:nd the
quantitative and continuous by abstracting—i.e., ignormng—
the sensible properties of some sensible substance such as 2 mat.
There is, then, at least an initial plausibility in supposing Aistotle
to have entertained a conception of mathematical objects, not a8
matterless properties, but as substance-like individuals _Wlth 2
special matter—intelligible matter. I want now to explal this
conception in more detail, to introduce more evidence for Aﬁs@oﬂe §
holding of it, and to show how it is related to the conception ¢
mathematical objects as properties, .

The first four categories discussed by Aristotle in the Calegor®s
are substance, quantity, relation, and quality. He himself g1V 10
explanation for this order, and probably no deep Sigmﬁca"‘lce
attaches to it. However, all the commentators begin their discussion
of chapter 6 of the Categories, the chapter on quantity, by attempt
Ing to explain why it immediately succeeds the chapter on substance:
Many of the reasons advanced are trivial (e.g., ““Substance ¢&0
Primary or secondary but primary and secondary belong to quatr
tity®.”). But one reason mentioned by all the commentators
quite interesting; Philoponus states it thus:

= Ib‘ld-: K.3.1061828—35. There seems to be general agreement that K'l/st}:
geauinely Aristotelian in content although perhaps written by a student o° £ro
basis of lectures by Aristotle. (See e.g., Aristotle’s Metaphysics, ed. W‘th maici
and comm. by W. D. Ross [Oxford, 1924], I, p. xxvi.) The greater attention P e
to math.ematics in K than in the parallel B is perhaps exp]ained by ]aeg:
assumption of K's temporal priority. (See Aristotle [Oxford, 1934], PP- 205" 4
As Ax::stotle’s thought evolved away from Platonism he may have CO'nSIdiOfV
2:;;&0!18 off mathemfxtical ontology less interesting. I have not found satisfacto
. Ehasemf °P°h3nge_§ in Aristotle’s conception of mathematical Ob.]eCti
» In Porphyrii Isagogen et Arisiotelis Categorias Commeniaria, €
(Berlin, 1900), 185.32—33

. A, Bus®
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Prime matter, which is without body, form, or figare
before it is filled out, receives the three dimensions and
becomes three-dimensional. This Aristotle calls the second
substratum, since thus it receives quality and produces the
elements?s,

The term ‘second substratum’ is not found in the extant works
of Aristotle. Probably it should not be ascribed to him. Nor can
One assume that Aristotle reasoned this way in organizing the
Ca{egom'es. Yet the basic idea of the reasoning does seem Aristo-
telian; for Aristotle thinks of quantity in the way this reasoning
Suggests, as chapter 6 itself shows. There Aristotle does not, as one
Would expect,

list or attempt to classify quantitative properties (like the
property of being a foot long) or corresponding predicates
(like ‘a foot long’). Instead he lists and groups owners of
quantitative properties: lines, surfaces, solids, numbers

. (aggregates), time periods, places, utterances?.

This difference between the discussion of quantity and the other
Ton-substantia] categories does not seem to be accidental. The
Quantitative and continuous, which Aristotle says remain after
the sensible opposites have been removed, seem to be identical
WIth these first three quantities: lines, surfaces, solids. Aqd even
11 & passage where he affirms the difference between quantity and
Substance, the three dimensions are treated as more fundamental
than properties: .

Other things are properties, actions, and powers of bodies,
but length, breadth, and depth are certain quantities and
not substances. For quantity is mot substance, which is
rather that to which these things primarily belong. But,
when length, breadth, and depth are taken away, we see
nothing remaining, unless what is bounded by these is
Something??,

We fing, then, in Aristotle the notion that if one abstrI?LCtS
Properties in the proper order one is left with the idea of an ob}ec;

aving only length, breadth, and depth, the continuous an

\\_

3
Johanne Philoponus, In Avristotelis Categorias Commen

{Berlin, 1598
» | CHin, ), 83.14—17. il {Oxford,
Aristgys ¢ ategories and De Interpretatione, tr. with notes by J. Ackrill {

» 1{ J, p. 91.
¢ ““?h}’SiCS, Z.3.1029s12-18.

tarium, ed. A. Busse



166 I. Mueller

quantitative in three dimensions, the solid. From this 1dﬁa t‘;};
abstraction one may obtain the idea of 1e_ngth and brea..dt o
continuous and quantitative in two dimensions, the plane; an né’
further abstraction the idea of length alone, the continuous Z :
quantitative in one dimension, the line. The point 1s not a quaga,si}c,
for Aristotle because it cannot be measured. It is, however, ations
geometric object presupposed in many geometrlc.corllstru: com:
Aristotle’s notion of how we grasp the idea of a point 15 1o o
pletely clear. Sometimes he says the point is ‘what. has positi0 it or
is indivisible?; at other times he characterizes 1t as the hTh e
division of a line?®, The latter suggestion seems to fit better “3 nes
process by which we come to understand solids, planfas, an et
Perhaps the former should be thought of as .the logically (ziina Iy
definition of point rather than the description of our oOr
conception of it3,

Regpa.rdless of how he treats points, Aristotle seems to h?;‘r’le JT;
idea of the purely dimensional underlying other properties. rop or-
this is the idea of the three-dimensional underlying s§n31.bl€; Pif gny
ties in the physical world. But for Aristotle there is little e
difference between this idea and that of the one-, two-, (1)11' calls
dimensional underlying geometric properties, }Vthh © three
intelligible matter. The phrase ‘intelligible matte'r' 1s f'ounddnt:e iin
passages in the Metaphysics. In two of them it is introdt oy
connection with the problem of explaining in what sense ihor of
circle is a part of a particular mathematical circle3l. The auxandef
the commentary on the Metaphysics which is attributed to Ale ol
of Aphrodisias refers to the intelligible matter in these Pasgaiss 0
extension®, and he is clearly right. For it is the extende ‘;smns-
geometric objects, their continuity in one, two, or three dime i
which makes them divisible. The third passage causes §<)1m o
ficulty, however. Aristotle says: ‘“‘Some matter is intelligib i' ity
sensible; and part of a definition is always matter, Pa{t, ac 1; that
For example, a circle is a plane figure®.” “Alexander’ say

% E.g., at Metaphysics, A.8.1016024—31.
* E.g., at Metaphysics, K.2.1060012—17.

. : 19
% Compare H. Apostle, Arisfotle’s Philosophy of Mathematics (Chicag®:
p. 100.

31 See note 20.

32 Alexander (3), In M. elaphysica, 510.3—5, 515.26—28.
33 Metaphysics, H.6.1045333—35.

52
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‘intelligible matter’ here means ‘genus’—genera being “analogous”
to matter. According to him, figure is an example of intelligible
matter®, W. D. Ross accepts this interpretation; but in his view
Plane figure is an example of intelligible matter and Aristotle fails
to give the formal element in defining circle®®, namely, “contained
by_ one line such that all the straight lines falling upon it from one
P :ﬁn;:mong those lying within the figure are equal to one an-
Otherss >’
. I we look at this passage in the light of the previous discussion,
1t becomes clear that plane, i.e., the continuous and quantitative in
two dimensions, is the element of matter in the definition of circle
and that figure stands for the formal element. This interpretation
'S confirmed in the discussion of genus in Metaphysics A.28: “The
plane 1s genus of plane figures, the solid of solid; for each of the
figures is such and such a plane or solid, and this is the substratum
of the differentiaes”,” Thus it becomes necessary to distinguish two
klr}ds of geometric object in Aristotle. First, there are the basic
Objects: points, lines, planes, solids. The last three are conceived
of as indeterminate extension and, therefore, as matter on which
Scometric properties are imposed. The imposition of these proper-
ties produces the ordinary geometric figures, straight or curved
lines, triangles, cubes, etc. The definition of such a figure will
nclude both the form, the properties imposed, and the matter;
Ut in the definition this matter will also play the role of genus.
Acircle is 5 plane figure.

The distinction between the quantitative substratum aqd the
8eometric properties imposed on it has an important function in
AnSt.Oﬂe's account of the first principles or elements of a demon-
Strative science in the Posterior Amalytics. Aristotle says that there
?ﬁe three kinds of element : (1) the common axioms; (2) the genus,

¢ things whose existence and meaning are assumed; (3) the
Properties, whose meaning only is assumed®. As examples of the
8€NUS he gives the unit or units, points, lines, mag{lltude; as ex-
4mples of Properties, odd, even, square, cube, straight, triangle,
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incommensurable, inclination, deflection?®. If allowance is made for
the difficulty about points the distinction between genus_ gnd
property is seen to be exactly the distinction between 1nte11_1g1b1€,
matter and form in the Metaphysics. For in Aristotle "magmtude
is just a general term referring to lines, planes, and solids??. These
examples also show how different Aristotle’s conception of geometry
is from the one represented by Euclid’s Elements. In both, the meas-
ing of all terms used is supposed known, and common axioms are
assumed. But the postulates of Euclid do not give the genus being
discussed, rather, three simple constructions and two aSs‘%mPp.O s
on the basis of which theorems and other constructions are justified
Aristotle looks at geometry quite differently. The point _of departurt
in, say, plane geometry is extensionality in two dimensions (planesé
with the concomitants of extensionality in one dimension (tines) aﬂd
positional dimensionlessness (points). One must not only um‘ierst;n .
what these things are; one must also suppose them to exist. Ot’
unlike the hot and the cold, the existence of these thIngs y ﬂoe
obvious and cannot be just an implicit assumption®!. Once thes
things are understood and posited, geometry proceeds by exammlnsg
properties like straightness or triangularity which they POSSGZS'
Because the geometer is primarily concerned with propert y
Aristotle often speaks of him as separating properties. Howeveté
although the geometer does consider geometric properties Sep%ﬁﬁ
from the physical things in which they inhere, geometric ob}ége
are none the less compounds of these properties and intelbig!
matter. .
i Aristotle held the conception of geometric objects which 1 ?““e
developed here, it is easy to see how their exactitude is e.xglame |
For- by abstraction one eliminates all sensible characteristics anm
arrives at the idea of pure extension. Pure extension does not Seeh’
to be sensible in the way that triangularity is, nor is it o:ompletf;_r
undifferentiated or purely potential in the way that prime mat a5
seerns to be. We cannot see a thing as just extended but only .
extended so and so much with a certain shape. Simple extendeds 2
Wwe must grasp rationally. Geometric properties are imposed 0% te
intelligible matter, but these properties are not the appr xlm?e
properties of sensible substances precisely because they ar® impos
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rather than sensible. In postulating such objects, the mathematician
separates what is not separable. Intelligible matter, even when
endowed with geometric properties, is no more capable of existing
separately than are sensible properties. Such separation is not
harmful, however, because the separated objects are rationally
comprehensible and closely connected with the real world. Accord-
Ing to Aristotle, at any rate, the idea of 2 man separated from flesh
and bones is an incomprehensible fabrication.

In the final part of this paper I want to bring together the things
I have said about Aristotie’s conception of geometric objects.
Aristotle starts from the Platonic notion of geometry as the study
of forms and from the intuitive character of Greek geometry. The
fonper leads him to the idea of geometry as the study of universals,
an idea most fully embodied in the Posterior Analytics. The latter
leads him to the idea of geometry as the study of objects which
fesult from the combination of geometric properties and intelligible
Tatter. The problem is to reconcile these two ideas.
. Some of the neo-Platonists, who tried to reconcile everything
" Plato and Aristotle, attribute to Aristotle a distinction between
two kinds of reasoning about two kinds of objects corresponding
0 the upper half of the divided line in Plato’s Republic. Proclus
Speaks of reasoning about forms perfectly embodied in the gavracia
and, secondly, of reasoning about disembodied forms—forms
having, therefore, no spatial properties®. Proclus’ suggestion is
that Aristotle made this distinction in terms of active and passive
Dtellectss, 5 suggestion obviously without basis in what Aristotle
2235. The most significant feature of Proclus’ distinction is perhaps
that' it makes particular geometric objects mental objects—objects

AVIng their subsistence in the gavtaoia. He invokes Aristotle
on this point too by referring to an alleged Aristotelian distinction

tWeen two kinds of matter, “one of things correlated to sense,
the other of Imagined things®.” By the latter Proclus presumably
"neans intelligible matter, but there is no good reason to suppose
that Aristotle thought of intelligible matter as mental orn_nagn_wd-
Indeeq, although Aristotle explicitly recognizes the role of imagina-
\
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tion in geometric thinking® and although he calls the mathemati-
cian’s act of separation mental, he always connects math?matwal
objects directly with the sensible world. “Physical bodies have
planes, solids, lengths, and points which the ma’chema’clc.w;n
investigates.” “There could be assertions and proofs about sensible
magnitudes not as sensible.” . §
Not only does Aristotle seem unwilling to make the objects 0{
mathematics mental but also he never espouses a dlwswnl;)
scientific reasoning into two kinds along the lines suggested by
Proclus. The mathematics described by Aristotle in the Postequw:
Amnalytics is for him basically that of the ordinary geom(?ter'b- (c)t
does the discrepancy between the two kinds of geometric © ]etl )
seem to be a special case of the general difficulty which Anstow-
mentions and tries to handle in the Metaphysics: How can sk‘,)n % r
ledge be of universals if what is most real is the particalar®®? ir?g
Aristotle treats this difficulty only as a general problem mflsthe
from the attempt to combine the theory of knOWIC,dge 0 does
Posterior Analytics with the ontology of the Metaphysics. He tical
not treat it as a problem relating to any particular mathema
or physical science. ore
I am inclined to think we must credit Aristotle with a much ™ by
subtle and reasonable position than the one attributed to hltmee;!
Proclus. There is clearly some distinction to be made be Wtive
knowledge of universals or conceptual knowledge and .mglge of
knowledge”. Both are a part of geometry, but the FmSt
Proclus and others is to assume that a sharp distinction can
made between the two. In the words of P. Bernays: s pot
The sharp separation of intuition and concept - . - d“)g ring
appear on closer examination to be justified. In cons® dies in-
geometrical thinking in particular it is difficult to ity
guish clearly the share of intuition from that of conceptualty:
since we find here a formation of concepts guided 0 to Speoes
by intuition, which in the sharpness of its inten.tloni & "
beyond what is in a proper sense intuitively evident,
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which separated from intuition has not its proper
content?s,
The intimate connection of concept and intunition underlies, I
suggest, Aristotle’s account of geometry and geometric objects.
It is llustrated most clearly in Aristotle’s treatment of extension
as a kind of underlying stuff and as a very abstract notion, the
genus of mathematical objects. A modern analogue of Aristotelian
extension would be space, which is formally nothing but a class of
elements (points) related in certain ways but which is also in some
Sense an object of perception or intuition.
stotle’s account of geometric objects would seem, then, to be
something like the following. In his reasoning the geometer deals
d’reC?ly with the particular geometric objects which I have been
desc'nbing. These objects, though not real in the sense in which
sensible substances are, are intimately connected with sensible
Teality and in a certain sense underlie it. However, out of ordinary
Seometric Teasoning arises a universal knowledge, e. g.,the know-
ledge that any triangle has interior angles equal to two rights.
Un} versal knowledge is conceptual and can be formulated syl-
logi Stically. However, it has no object over and above the objects (3f
Ordma'ry geometric reasoning, and in fact conceptual syllogistic
.reasomng is only a reformulation of ordinary reasoning®. Thus there
> only .one kind of geometric object although there are two ways of
Teasoning aboyt it, one apparently more abstract than the other®.
‘\\H

“P Bernays, “Comments on Ludwig Wittgenstein's Remarks on the Foundations
o ‘:Wa’hematigs," reprinted in Philosophy of Mathematics, p. b18.
Aristotle Wwas, of course, mistaken in believing geometric reasoning could be
ot peented syllogistically, but in this context his mistake can be treated as one
of fjetail not of principle.
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